We investigate methods for pricing American options under the variance gamma model. The variance gamma process is a pure-jump process which is constructed by replacing the calendar time by the gamma time in a Brownian motion with drift, which makes it a time-changed Brownian motion. In general, the finite difference method and the simulation method can be used for pricing under this model, but their speed is not satisfactory. So there is a need for fast but accurate approximation methods. In the case of Black-Merton-Scholes model, there are fast approximation methods, but they cannot be utilized for the variance gamma model. We develop a new fast method inspired by the quadratic approximation method, while reducing the error by making use of a machine learning technique on pre-calculated quantities. We compare the performance of our proposed method with those of the existing methods and show that this method is efficient and accurate for practical use.
Introduction
Financial models based on Lèvy processes are proposed to overcome the problems of the diffusion models, such as the variance gamma model (VG, [18] , [17] ), the normal inverse gamma model (NIG, [2] , [21] ), the tempered stable process (also known as the CGMY model, [4] ), and the variance gamma scaled self-decomposable model (VGSSD, [5] ). They are better at both describing the fat tails of asset returns and matching the implied volatility surfaces in option markets.
American options are important in the financial markets. There are many markets with American-type options, such as Gold, Silver and options on futures e.g. Crude Oil. They are used in market taking/making, trading, mark-to-model and risk management. However, American options are harder to price because of the early exercise. For the Black-Merton-Scholes (B-M-S) model, [3] proposed a fast approximation of the American options based on the quadratic approximation. Later, [14] elaborated the method of [3] to further reduce its error. However, such a fast approximation method does not exist for the pure jump models. Thus a vast body of literature has discussions on pricing American options under the VG process, its generalization CGMY and even more general Lèvy processes.
A variety of the finite difference methods are based on differential equations. Discretization of the backward partial integro-differential equation (PIDE) with the implicit scheme [13] is a standard method for pricing. The Fast-Fourier-Transform (FFT) is used to evaluating the integrals in each time step in [1] . Some other mutations are [8] and [22] . Aside from the backward PIDE are the forward PIDE in [11] and the fractional partial have a fat-tailed distribution.
The Lèvy density of the VG process is given by k(x) = e −λpx νx 1 x>0 + e −λn|x| ν|x| 1 x<0 ,
where λ p = such that ln E e iξX(t) = tφ(ξ) holds.
The risk neutral process of the stock price under the variance gamma (VG) model is given by S(t) = S(0) exp((r − q)t + X(t) + ωt),
where r is the risk-free interest rate, q is the dividend rate of the stock, and ω = 1 v ln(1 − σ 2 ν/2 − θν). ω is calculated such that E(S(t)) = S 0 exp((r − q)t), which is equivalent with the no-arbitrage condition.
Let Θ = {r, q, T, σ, ν, θ} be the parameter set. Then the price of a European put option with strike K and maturity T under parameter Θ is
According to [17] , the price of a European put option on a stock given by (2) is
2σ 2 and the function Ψ is defined in terms of the modified Bessel function of the second kind and the degenerate hyper-geometric function of two variables (see [17] ).
When the risk neutral dynamics for the stock price is S(t), by its Markov property, the American option is priced by
where the supremum is taken over all stopping times τ defined on the probability space with regard to the filtration generated by the stock price S(t). For American put options, at each t, there exists a critical stock price S ⋆ (t) ≤ K, such that if S(t) > S ⋆ (t), the value of the option is greater than the immediate exercise value and the optimal action is to wait, while if S(t) ≤ S ⋆ (t) the value of the option is the same as the immediate exercise value and the optimal action is to exercise the option. In the first quadrant of a twodimensional space, {(S, t) : S > S ⋆ (t), 0 ≤ t ≤ T } is called the continuation region and {(S, t) : S ≤ S ⋆ (t), 0 ≤ t ≤ T } is called the exercise region.
A simple approach for pricing under VG
We proposed two approaches for approximation. The first is a simple one which makes use of Ju-Zhong method [14] . Ju-Zhong method is used to price American options under B-M-S model. Here we want to test whether the methods for pricing under B-M-S model can be borrowed to the VG model. The steps are:
• First, we calculate the difference of American and European options of B-M-S model with the volatility replaced by σ 2 (ǫ) and the dividend replaced by q − ω(ǫ) where
Here k(x) is the Lèvy density of the VG process. The price of American options is given by Ju-Zhong method.
• Then we add the difference to the VG European price to get an approximated VG American price.
In Appendix A, we go over the derivation of σ 2 (ǫ) and ω(ǫ). We set ǫ to 0.65 based on empirical tests 1 . The approach is very fast thanks to Ju-Zhong method, but our empirical results show it is not "always" within the bid-ask spread.
Development of the main approach
We need a more accurate methodology than the simple one that was introduced in Section 3. So in this section, we propose and develop the main idea for pricing American options under VG. From Section 4.1 to 4.3, we explain the development of the method from the partial integro-differential equation (PIDE) of VG, including using the quadratic approximation to accelerate calculation and employing nonparametric regression to reduce the error. Section 4.4 introduces a property that simplifies calculation. Section 4.5 summarizes the method into an algorithm. Section 4.6 gives some insights of the method and explains why it works well.
From PIDE to OIDE
It is shown in [13] that the price of a European option p(S, t; K, Θ) and the price of an American option P (S, t; K, Θ) in the continuation region satisfy this PIDE:
Here V (S, t) being the price and k(x) is the Lèvy density given by Equation (1) . By making changes of the variables, x = ln S, τ = T − t and w(x, τ ) = V (S, t), we get
and the following equation
Considering ω = − ∞ −∞ (e y − 1)k(y)dy, the equation can be simplified as
The early exercise premium is
which is the difference of the price of an American option and a European option, satisfying Equation (4) in the continuation region x > ln(S ⋆ (T − τ )), and equals
The finite difference method is accurate but time-consuming because the scheme makes use of the PIDE and divides the time interval into many steps and has to be solved at each time step. The key idea to accelerate is to get rid of the time axis and just focus on the last step. So we want to approximate the PIDE by an ordinary integro-differential equation (OIDE).
We approximate w(x, τ ) in a similar way as the quadratic approximation as shown in [3] .
) is close to 0 but not exactly 0. To solve the equation approximately, we omitted the term r(1 − h(τ ))f h (x, h). Meanwhile we added a correction term E(x; K, Θ) on the r.h.s. of the equation, meaning that the l.h.s. of the equation is not 0 exactly. Hence we have
Let x ⋆ = ln(S ⋆ (0)) be the exercise boundary at maturity. The premium w(x, T ; K, Θ) should satisfies (5) on x > x ⋆ (continuation region) and w(x, T ; K, Θ) = K − e x − p(e x , 0; K, Θ) on x ≤ x ⋆ (exercise region).
Solving the OIDE by parameterization
In Equation (5), E(x; K, Θ) is an correction term. It is close to 0 compared with the other terms on the l.h.s. In this part, we take it as an arbitrary function that is close to 0, and seek a way to solve Equation (5) for an arbitrary E(x; K, Θ). We leave it to section 4.3 to determine the value of E(x; K, Θ).
Although we get the approximation equation (5), we cannot solve it explicitly due to the integral term. So we consider to solve it numerically. We use an exponential function as an approximation for w(x, T ; K, Θ) in the continuation region, which coincides with the explicit solution of the approximation function in [3] :
where w(x, T ; K, Θ) is set to be continuous at x = x ⋆ . There are three parameters in Equation (6), but b can be calculated from b = log(K − e x ⋆ − p(e x ⋆ , 0; K, Θ)). Thus there are two independent parameters in the approximation function. After parameterizing the premium w(x, T ; K, Θ), we parameterize the l.h.s. of Equation (5). Define
The parametrized OIDE is
We attempt to make g(x; K, λ, x ⋆ , Θ) close to E(x; K, Θ) at every x on the region x > x ⋆ by minimizing the loss function w.r.t. λ and x ⋆ :
We choose N = 6 in our numerical experiments 2 . We also choose
which are symmetric w.r.t. ln(K). The choice is to make Equation (5) hold both for in-the-money options and out-of-the-money options. Note that x ⋆ < K always holds for put options so these choices are valid independent of the value of x ⋆ .
After we solving the parameters λ and x ⋆ that minimize the loss function (8), the approximated price of American put is
The approximation (6) gives a relation between the premium and the parameters λ and x ⋆ . Solving the loss function (8) gives a relation between the parameters λ and x ⋆ and E(x i ; K, Θ). If we can determine the relation between Θ and E(x i ; K, Θ), we can link Θ with the premium.
We can decide the value of E(x i ; K, Θ) in the following way. First, we can calculate the price of American options by the finite difference method (in fact any valid current method) and the price of European options by the explicit expression or the FFT, and then obtain the true value of x ⋆ from the finite difference method and λ by regressing ln(P (e x , 0; K, Θ) − p(e x , 0; K, Θ)), x > x ⋆ over x and taking the slope. Then those values of x ⋆ and λ make the approximation (6) very close to the true value of the premium. We can consider them optimal parameters. Let x ⋆ (Θ) and λ(Θ) be the functions of optimal parameters depending on the parameter Θ. Then g(x i ; K, λ(Θ), x ⋆ (Θ), Θ) is the optimal l.h.s. of Equation (5). If we take E(x i ; K, Θ) = g(x i ; K, λ(Θ), x ⋆ (Θ), Θ), it is the optimal r.h.s., and it is obvious that the optimal value of (8) is 0 with the optimal solution λ(Θ) and x ⋆ (Θ). Now we know how to choose E(x i ; K, Θ), but we have already calculated the prices of American options, and it is meaningless to know E(x i ; K, Θ) after the prices to achieve a new pricing method. So we need to employ a flexible machine learning technique to learn the value of E(x i ; K, Θ).
To elaborate, we first calculate the value of E(x i ; K, Θ) = g(x i ; K, λ(Θ), x ⋆ (Θ), Θ) for each i at a group of grid points in the parameter space of Θ. Then we fit the surface of g(x i ; K, λ(Θ), x ⋆ (Θ), Θ) over Θ for each i using nonparametric regression. By regression, we assume that g(x i ; K, λ(Θ), x ⋆ (Θ), Θ) is close to a continuous function w.r.t. Θ. In this way we do not have to calculate g(x i ; K, λ(Θ), x ⋆ (Θ), Θ) for each Θ and by doing this we will be speeding up the pricing tremendously.
Call the estimate from regressionĝ i (K, Θ) for each i and we let E(x i ; K, Θ) =ĝ i (K, Θ) in the loss function (8) . By doing so, we use a nearly optimal E(x i ; K, Θ) in (8) and the solution λ and x ⋆ are also close to optimal.
Moreover, we can use the similar methodology to estimate λ(Θ) and x ⋆ (Θ) from the pre-calculated quantities and use the estimate as an initial solution in the optimization problem of Equation (8) to save time.
Scalability of price w.r.t. S and K
According to the property of American and European options and the definitions of w(x, 0; K, Θ) and g(x; K, λ, x ⋆ , Θ),
In consequence, the exercise boundary x ⋆ changes along with ln(K) because x ⋆ = inf{x : P (e x , 0; K, Θ) > K − e x }. If we change K to α K, then x ⋆ changes to x ⋆ + ln α and g(x + ln α; α K, λ, x ⋆ + ln α, Θ) = α g(x; K, λ, x ⋆ , Θ).
λ is the slope of ln(P (e x , 0; K, Θ) − p(e x , 0; K, Θ)), x > x ⋆ against x. It remains unchanged after changing K to αK.
The definition of x i makes it shift along with x ⋆ and ln(K). Let
denote the correspondence of x i when we change K to αK. Then
Due to the fact thatĝ i (K, Θ) is an estimate of g(x i ; K, λ, x ⋆ , Θ), we obtain
So we do not have to calculate g(x i ; K, λ(Θ), x ⋆ (Θ), Θ) for different K's. We only need a fixed K 0 to estimateĝ i (K 0 , Θ) and then
Summary of the main approach
The first part is pre-calculations, which is done prior to pricing:
• Choose a group of {Θ j } n j=1 , where Θ = (r, q, T, σ, ν, θ) is the parameter set, calculate prices of American and European options P (S, 0; K 0 , Θ j ) and p(S, 0; K 0 , Θ j ) by the finite difference method and the FFT respectively for 1 ≤ j ≤ n and K 0 = 1000.
• Get the exercise boundary x ⋆ (Θ j ) from the finite difference method and regress ln(P (e x , 0; K 0 , Θ j ) − p(e x , 0; K 0 , Θ j )), x > x ⋆ over x to get the slope λ(Θ j ) for each Θ j .
• Calculate g(x i ; K 0 , λ(Θ j ), x ⋆ (Θ j ), Θ j ) from Equation (7) for 1 ≤ j ≤ n and 0 ≤ i ≤ N .
• Store the data.
The second part is the pricing routine: Given the strike K, the stock price S(0), and all the parameters Θ = (r, q, T, σ, ν, θ):
• Use a nonparametric regression routine to estimateĝ i (K, Θ) from
• Minimize the loss function w.r.t. λ and
• Get the price Figure 1 shows the framework of the approach. The circled numbers emphasize the most important parts in the method.
Insights into the main approach
First, it transforms the PIDE (4) into the OIDE (5), which is step 1 in Figure 1 . In this step we get rid of the time axis, which costs a lot of time in the finite difference method 3 . Meanwhile, we keep a correction term to improve the accuracy.
Second, it parameterizes the OIDE and turns the problem of solving an equation into an optimization problem, which is step 2 in Figure 1 . To solve an equation on the real line, the unknown object is a function w(x) on the whole real line, which is infinitedimensional. However, this step provides a mapping from the solution of the premium of American options to the correction term (E(x i ; K, Θ)) N i=0 , which is only a N +1-dimensional vector. This step is essentially dimension reduction.
Third, as mentioned earlier the approach employs nonparametric regression to make use of the information from the pre-calculated data, which is step 3 in Figure 1 with different parameter Θ's. If we make use of the mapping from the price to the correction term (E(x i ; K, Θ)) N i=0 built in this method, we can learn the function E(x i ; K, Θ) w.r.t Θ.
If we summarize the main idea of the method to a high level, it should be that the method reduces the solution of the PIDE (4) into a low-dimensional space of the correction term vector, uses a nonparametric machine learning technique to fit the surface in the vector space, and then enhances the estimate to an approximated price curve of American options.
Numerical experiments
The range of parameters under consideration is
We pick S 0 = 2900 as it is close to the S&P 500 Index spot. We compare the following methods in our numerical experiments:
• The finite difference method using PIDE in [13] . We use the implicit scheme to solve the prices at each time step and Bermudan approach to deal with the early exercise of American options.
Let N be the number of grid points of ln(S) and M be grids of time from 0 to T . In comparison, we use two versions of finite difference method. On is called FDfine, with N = 3000 and M = 250. The other one is called FDcoarse, with N = 800 and M = 80. When the grid is finer, the finite difference method is very accurate and can be used as a standard to be compared with. However, that can be time-consuming, so we want to use FDcoarse to test the performance of the finite difference method when we accelerate it with a coarser grid.
• MC Simulation with Longstaff-Schwartz method [15] . Simulation is a general method of pricing, and Longstaff-Schwartz method is also a general method to deal with the early exercise of American options. The number of time steps is 250 and the number of samples is 1e5.
• The simple approach uses Ju-Zhong method (the first proposed approach).
• Proposed main method (the second proposed approach). The grid points where we calculate the optimal parameters λ(Θ) and x ⋆ (Θ) and then g( We use kernel regression as the nonparametric method here. The explanatory variable is Θ = (r, q, T, σ, ν, θ) and the response variables is (g(
. The dimensions are 6 and N + 1 respectively for the explanatory and response variables. We take N = 6 in the numerical tests. In Appendix B, we give the details of kernel regression and show how to choose the parameter of the kernel. The ratio of the training set is 75%. To get a robust choice of the kernel, we repeat the regression for 5 times and take the average of the parameters of the kernels to be the final parameter.
The outcomes are shown in Table 1 -4 in Appendix C. All the methods are programmed in C and tested in Matlab on an Intel i7-6820HQ, 2.70GHz. As we can see, the main approach achieves a good balance between small error and fast speed among the methods. The first method (JZ) is usually the fastest, but our main approach has a much smaller error. Also, our main approach is much faster than the finite difference method and the simulation method. Even if we accelerate the finite difference to about 10 times slower than the main approach (FDcoarser), it still has a slightly larger error when T ≤ 0.5. When T = 1, the main approach doesn't performs as good as when T ≤ 0.5, the reason is that when T is larger, the true curve of the premium of American options can not be approximated by the exponential function as well as when T is smaller.
Conclusion and future work
In this paper we proposed a fast and practical method for pricing American options under the VG model. This method can be viewed from two sides. On one side, it solves an approximated equation with a correction term estimated from the pre-calculated data. On the other side, the optimization routine provides a mapping from the surface of the premium to the vector of the correction terms, which lies in Euclidean space and is easy to estimate. The mapping converts a pricing problem to an easy machine learning problem.
For future work, option prices in many financial models involving diffusion and jumps can be described with a PDE or PIDE. When we want a fast approximation method for that model, the same idea of the main approach can be applied to NIG, CGMY, and VGSSD. Also, this method is a numerical pricing method. A highly-accurate closed-form approximation solution of the PIDE of the VG model is still attracting.
Appendices

A Development of the first proposed method
This part follows [10] . We can split the integral term in (3) into two terms, the integrals on |y| ≤ ǫ and |y| > ǫ respectively.
In the region |y| ≤ ǫ,
and
Using those two approximations, we get
Define σ 2 (ǫ) = |y|≤ǫ y 2 k(y)dy and we get
In the region |y| > ǫ,
where w(ǫ) = |y|>ǫ (1 − e y )k(y)dy. Combine the two parts of integrals and put them back to Equation (3), and we get
If we omit the integral term in Equation (9), we can get a B-M-S equation
It describes the option price of a stock with volatility σ 2 (ǫ) and dividend q − ω(ǫ). So we decide to use the premium of this B-M-S model to approximate the premium in the VG model.
B Kernel regression
Kernel regression is a nonparametric machine learning technique that is used to find a non-linear relationship between a pair of variables x and y. Both x and y can be vectors.
Let d x and d y be the dimensions of x and y. Suppose we collect data x 1 , x 2 , . . . , x n and y 1 , y 2 , . . . , y n and want to find a suitable estimate of y given x. First, to perform kernel regression, we need a kernel function κ(x ′ , x ′′ ), where x ′ and x ′′ are two points in the space of x. Then the estimateŷ = f (x) given x is
Second we need to choose a suitable kernel function κ(x ′ , x ′′ ) to get a good estimation. The Gaussian kernel is usually a good choice, i.e.,
where a j , 1 ≤ j ≤ d x are positive numbers and x ′ j and x ′′ j are the jth component of the vectors x ′ and x ′′ .
There are different ways to measure the performance of fitting. One way is to define a loss function and choose parameters by optimization. For example, if the components of y are similar, a reasonable loss function can be defined as
where · is the Euclidean norm and
is the estimate of y given x i and is also a function of a. S is a subset of {1, 2, . . . , n} chosen randomly and is served as the training set. This step aims to avoid overfitting. By minimizing ℓ(a), we can get a suitable kernel function κ a (x ′ , x ′′ ) for prediction using Equation (10) . Finally, we can repeat the second step for several times due to the randomness of S and take the average of a for robustness. Table 4 : Values of American puts. S 0 = 2900, T = 1, r = 0.05 and q = 0.01. RMSE is the root of mean squared errors. MAE is the maximum absolute error. CPU is the mean computing time.
